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1 Introduction 

We shall state our main results after recalling the notion of L-functions of Witt coverings. 

Let Fg be the finite field of characteristic p with q elements, and W m the ring scheme of Witt 
vectors of length m over ¥ q . Let / € W m (¥ q [xf 1 , ■ ■ ■ , x^ 1 ]) with its first coordinate non-constant. 
Let T n be the re-dimensional toruse over ¥ q , and F the Frobenius morphism of W m . The fibre 

product over W m of W m — > W m and T n — > W m is a W m (F p )-covering of T n , with group action 
g(y,x) = (y + g,x). The Frobenius element of the Galois group W m (¥ p ) at a closed x of X with 
degree k is Tr Wm (f k )/w m {¥ v )(f{ x ))- So the Artin L-function of T n determined by that W m (¥ p )- 

covering and a fixed character ip : W m (¥ p ) — > Q* of exact order p m is 

xe\T n \ 

where \T n \ is the set of closed points of T n . By a well known theorem of Deligne [De], 

na-at) 

L f (t) 



n(i-/?t)' 

p 

where a and (3 are algebraic integers such that q n a~ 1 and q n (3~ l are also algebraic integers. It 
implies, as observed by Bombieri [Bo2], ord g (a), ordg(/3) < n, where ord g is the g-order function of 
Q p such that ovd q (q) = 1. (Q p is the algebraic closure of Q p , the field of p-adic numbers.) 
By logarithmic differentiation, we get 

t k 



L / (t)=exp(^5 fc (/) T ), 



k=l 
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where 

5 fc (/) = (-l)^ 1 Y, ^ Tr w m (F qk) /w M (f(x))) 
*e(F*)» 

are exponential sums associated to characters of p-power order. To have a look at these exponential 
sums, we denote by Aj : A 1 — > W m , i = 0, • • • , m — 1, the embedding which maps A 1 onto the i-th 
axis of W m , and write 

m— 1 

i=o ueii 

where Jj C Z n and ai u 6 F* are uniquely determined. That decomposition can be obtained by 
solving the congruences 

f = A (£a 0u z M )(mod V) 
/ - EAo(ao«x")"= Ai(E«i^ u )(mod F 2 ) 

m-2 

/ - E E A i(°o^") = A m _i(^a (m _ 1)u x u )(mod l/ m ) 

i=0 u u 

successively, where V is the shift operator on W m . 

Let ¥ q be the algebraic closure of ¥ q , and oj the Teichmiiller lifting from ¥ q to Q p . We define 

m— 1 

= E E w ( a m) 2;U - Let Z p be the ring of p-adic integers, and fj,i (I > 1) be the set of Z-th 
roots of unity in Q p . Identifying W m (¥ q k) with Z p [fj, q k_ 1 ]/(p m ) under the isomorphism 

m— 1 

(o , ■ ■ ■ , a m _i) i ^ ^ w(af )p l (mod p m ), 
one finds, for x G (F* fc ) n , that 

m—l 

H Tr W m (¥ qk )/w m (¥ p )(f(x))) = ^(Tr Qp[v _ i]/Qp (^ ^pV(af u 

i=0 « 

m—l 

= ^( Tr Q P [^_ 1 ]/Q P (I] ^pM^"))) = V(Tr QllI/tflJk _ i]/ Q p (w(/)(a;(s)))). 

i=0 « 

Therefore, we have 

Lemma 1.1 For k = 1, 2, • • • , we /iaue 

Sfc(/)= ^(^QpI^J/QpM/X*)))- 
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i=0 1 k=0 



m -i-l 
> Uidi,. X h 



We define the Newton polyhedron A oc (/) of / at infinity to be the convex hull in Q n of 
ym-i-\ u : o < i < m - 1,« 6 Ji} U {0}. Recall that, for a convex polyhedron A of dimension n in 
Q n that contains the origin, there is a M>o-linear degree function u i— > deg(u) on L(A), the set of 

oo 

integral points in the cone |J A;A, such that deg(u) = 1 when u lies on a face of A that does not 

k=l 

contain the origin. That degree function may take on non- integral values. But there is a positive 
integer D such that degL(A) C D^TL. We denote the least positive integer with this property by 
.D(A). For k = 0, 1, ■ ■ ■ , we denote by W/\{k) the number of points of degree in L(A). We 

+00 

define P A (t) = (1 - t D ^) n £ W A (k)t k for later use. Our first result is an upper bound for the 

k=0 

total degree of Lf(t). 

n n D(n-i+l) 

Theorem 1.2 The total degree of Lf(t) is bounded by J2( ■ ) Yl W&{k) with D = D(A) 
and A = A OQ (f). 

For j = 1, • • ■ , n, we write 

m— 1 

if = C^/ 

where Uj is the j-th coordinate of u. We call / non-degenerate with respect to A oc (/) if Aoo(/) is 
of dimension n, and for every face r of Aoo(/) that does not contain 0, the system if = ■ ■ ■ = n f 
has no common solution in (F^) n . Our second result is on L-functions from non-degenerate Witt 
vectors. 

Theorem 1.3 Suppose that f is non- degenerate with respect to A := A OQ (f). Then the L-function 
Lf(t) is a polynomial, and its Newton polygon with respect to ord q lies above the Hodge polygon of 
-Pa(^) of degree D(A) with the same endpoints. In particular, Lf(t) is of degree nlVol(A). 

Recall that the Newton polygon of Y\(l — at) € Q p [[i]] with respect to ord g is the polygon with 
vertices at points 

( J2 x ' Yl ord 4(«))> y G Q- 

ovdq(a)<y ord 9 (a)<j/ 

+00 

And the Hodge polygon of ^ a^t k of degree D is the polygon with vertices at the points (0, 0) and 

k=0 

C^>2 a i> Jji^2 ia i)> fc = 0,1, - •• . 

i=0 4=0 

Theorem 1.3 was proved by Dwork [Dw] when m = 1, and f{x\, • • • , x n ) = x n h(x\, • • • , x n -i) for 
some polynomial h with coefficients in ¥ q . In that case, the L-function Lf(t), by the orthogonality 
of characters, is related to the zeta function of the hypersurface defined by h = in the (n — 1)- 
dimensional affine space defined over ¥ q . It was completely proved by Adolphson-Sperber [AS2] 
in the case m = 1. In the case n = 1, the degree of Lf(t) was determined by Kumar-Helleseth- 
Calderbank [KHC] with applications to coding theory, and by W.-C. W. Li [Li], who read the p = 2 
version of [KHC]. 
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Our proof of the main results is based on the p-adic method set up by Dwork [Dw, Dw2] and 
developed by Bombieri [Bo, Bo2], Monsky [Mo], Adolphson-Sperber [AS, AS2], Wan [Wn], and 
others. The innovation lies in the use of the Artin-Hasse exponential series to produce roots of 
unity of p-power order. 

One can infer the following theorem from Theorem 1.3. 

Theorem 1.4 If f is non- degenerate with respect to A OQ (f), and the origin lies in the interior of 
A 00 (/), then the reciprocal roots of Lf(t) are of absolue value q n / 2 . 

Acknowledgement. This work is completed when the authors are visiting the Morningside 
Center of Mathematics in Beijing (MCM). The authors thank MCM for its hospitality, and Fei 
Xu for inviting them to visit MCM. The authors also want to express their gratitude to Daqing 
Wan, who teaches them p-adic analysis, encourages them to study exponential sums, and patiently 
guides their research. Chunlei Liu would like to thank Yingbo Zhang for support, and Lei Fu for 
discussions. The research of Chunlei Liu is supported by NSFC Grant No. 10371132, by Project 
985 of Beijing Normal University, and by the Foundation of Henan Province for Outstanding Youth. 

2 The Artin-Hasse exponential series 

Let 

OO pi 



S(i)=exp(J3- r )€Z p [[t]] 



i=0 y 



be the Artin-Hasse exponential series. We shall use it to produce roots of unity of p-power order. 

OO i 

Lemma 2.1 If I is a positive integer, and ir is a root of ^ ~ = in Q„ with order 



pl « \tp "><""> p !-i(p_i); 
E(tt) is a primitive p l -th root of unity. 

i i 

Proof First, exp(p 1 ^) exists as ord p (p'^) > So 

OO pi OO pi 

E^Y 1 = E(p l t)\ t=n = J]exp(p'^-) = exp£>'^-) = exp(0) = 1. 

i=0 P i=0 P 

Secondly, as E(t) 6 1 + t + t 2 Z p [[t}}, 

E^f' 1 = (l + vr) pi_1 = l + n pl ^( mod vr p '~ 1+1 ). 

The lemma is proved. 

Lemma 2.2 Let I be a positive integer. Then the Artin-Hasse exponential series induces a bisection 

OO i 

7T i— > E(tt) from the set of roots of ^ ^- = in Q p with order _ . to the set of all primitive 

i=0 P P VP ) 

p l -th roots of unity in Q_. 



Proof. The field generated over Q p by the set of roots of ^ = in Q p with order p i-i( p _ 1 ) is 
precisely Q p (/j, p i) since it contains Q p (fj, p i) by the preceding lemma, and is of degree no greater than 
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p (p — 1) over Q p by Weierstrass' Preparation Theorem. One sees that E(t(tt)) = t(E(it)) if r 

OO i 

is an automorphism Q p (^ p i) over Q p . So it i— > -B(vr) maps the set of roots of ^ ^- = in Q p with 

i=o p 

OO i 

order p i-i^p_^ onto the set of all primitive p'-th roots of unity in Q p . It is a bijection as ^ ~- = 
has at most p l ~ 1 (p — 1) roots in Q p with order ^i=T7~n Weierstrass' Preparation Theorem. 

Lemma 2.3 // /c zs a positive integer, and x € Q p satisfies x pk = x, then 

fc-1 fc-1 

Proof. As ^2 x p = ^2 x p , we have 
i=o j=o 

s=0 ^ j=0 i=0 P j=0 

k—1 OO / . pj \pi 

= ex P(E E ^~~T — ) = E{tx)E{tx p ) ■ ■ ■ Eitx^ 1 ). 
j=0 i=0 p 



The lemma is proved. 



OO i 

Corollary 2.4 If it is a root of l ~r = in Q p with order _ , , and x G Q p satisfies x y = x, 

i=0 p P \P ) 

then 



E(ir) x+xP+ - +xpk 1 = E(ttx)E{ttx p ) ■ ■ ■ E(irx pk l ] 
We now fix an embedding of Q into Q p . Guaranteed by the above lemma, we may choose, for 

OO i 

each I = 1, • •• , m, a unique root 717 of ^ ~ = in Q p with order ^-w 1 . such that E(tti) = 

i=0 P P IP J 

?/;(l) pm ^. Let A = A^f), D = D(A), and vr a D-th root of vr^T' 1 in Q p . For 6 > 0, we write 
L (b) = { E a " xn : a " G z pK-i: 7r m,7r], ord p (a M ) > 6deg(it)}. 

mGL(A) 

The Galois group Gal(Q p [// g _i, 7r m , 7r]/Q p ) acts on L(b) coefficientwise. Define 

m— 1 

= ] I E(Tr m _iUj(a iu )x u ). 
Lemma 2.5 We have Ef(x) G L(-^j-). 

Proof. Suppose that < i < m — 1 and u G Ij. We have p m ~ l ~ 1 u G A. So deg(p m_ < 1, and 

. . . 1 deg(p m ~ t ~ 1 u) deg(ii) 

Ord„ 7T m _,; = ^— > — = . 

py ; p m - l - 1 (p-l) - p m -'~ l (p- 1) p-l 



It follows that 7r m -iU)(ai u )x u G L(^j). Since E(t) G Z p [[t]], we have E(ir m _iuj(ai u )x u ) G L{^z\)- 
The lemma now follows. 

Let a be the Probenius element of Gal(Q p [/x g _i, 7r m , vr]/Q p ) fixing 7r m and 7r. The following 
lemma follows from Corollary 2.4. 

Lemma 2.6 If k is a positive integer, and x G then 

ak—l 

V^r Qp[/v _ i]/Qp) M/)(z))) = J] £jV). 

Corollary 2.7 VFe Ziawe 

afe — 1 

5 fc (/) = (-ir~ i ^ n <(^) 5 k = i,2,... . 

3 Functions from the Artin-Hasse exponential series 

We shall study the growth of the coefficients of kf (k = l,--- ,n), which are defined by 

n , oo 

d\ogE f {x) =J2kf—> E f (x) = \[Ef( X v J ). 

k=l Xk j=0 

Lemma 3.1 We have 

m—l oo 

k ? = Yl YjP*^ Y u k^( a f u ) xp3u ^ k = !,-■■ ,n, 
i=o j=o ueii 

3 n P l _ 

where jij = }2 - J z r i • 
i=o y 

Lemma 3.2 We have tt\ = -Km ( mod ir\n )■ 

Since E(t) G 1 + 1 + i 2 Z p [[£]], we have E(ni) = 1 + 717 ( mod irf). So we have 

E(n m y =(l + 7rm f =l + < (mod< 
which, combined with the equality E(tti) = E(ir m ) pm ' , implies that 717 = 7Tm ( mod 7Tm 
Corollary 3.3 We have 7r?f - — 7r "i +J ( m °d Km +J+1 ). 
Lemma 3.4 If j < m — i — 1 and I < j, we have have 

7T _ • 7T _ • 

ordp(-^) > ordpi-^). 

Corollary 3.5 If j < m — i — I, we have p^Jij = ^m +J ( mod itm 
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Corollary 3.6 Suppowse that j < m — i — 1. Then ordp{pP ^ij) > if deg(p m 1 1 u) < 1, 

and ordpipi-Yij - n ^^ 3 ^) > de ^" } if &eg{p m ~ l ~ l u) = 1. 

Lemma 3.7 If j > m — i, we have 

p — 1 

Proof. Since j id = - YaLj+i -^rS and ord p (^p-) > ^X^^^ -j + l when j > m-i and 
Z > j + 1, we have we have ord p (p 7 7j i j) > pm _f_i^_ 1 ^ — 1 if j > m — i. The lemma now follows 
from the fact that deg(p m ~ l ~ 1 u) < 1. 
Write 

B = { a u x u G L( — - — ) : < ord„(a„) — ^§JL _^ as deg(u) — > oo}. 

' p — 1 p — 1 

uGL(A) ^ ^ 

Corollary 3.8 For k = 1, • • • ,n ; we Ziaue £./ G i?, and 

m— 1 m— i— 1 

E ^^(^)7r Ddeg ^")^"(m 0( i7r5). 

i=0 j=0 deg(p m -»" 1 ii)=l 

4 The j9-adic trace formula 

We shall relate the L-function Lj(t) to the characteristic polynomials of an operator (p n F~ 1 ) a on 
p-adic spaces. 

Since E f (x) G L{^) (Lemma 3.1), and ip p : J2 u eL(A) a uX u >-> E ue L(A) a p« x " ma P s to 
L(pb), we have the following lemma. 

Lemma 4.1 T/ie map p n F~ 1 : g i— > c" 1 o ^ p (Ef(x)g) sends L{— j) to L(^j-). In particular, 

a-l . 

Note that p n F~ x is <r~ 1 dinear, and (p n F _1 ) a = V'p II {x vl ) is Z p [/ig„i, 7r m , 7r]dinear. Write 

i=0 

afc— 1 

n Ef{xv i )= y, a ^ u - 

i=0 ueL(A) 

Then the trace of (/F -1 )"'' on i? is ^ Gfafc-iw And 

uGL(A) 

5 fc (/) = (-ir- i (g fc -ir E <v--ik 

ueL(A) 

So we have the following preliminary trace formula. 
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Proposition 4.2 For k = 1, 2, • • • , we have 

S k (f) = -{l-q k ) n Tr{{p n F- l ) ak -B). 

Equivalently, 



Lf (t) ==Hdet(l-(p n F- 1 TqH;B 



n 
i 



i=0 



Let ei = (1, 0, • ■ ■ ,0), • • • , e n = (0, • • • , 0, 1). For I = 0, 1, ■ • ■ , n, we write 

K t = Be h A ■ ■ ■ A e k 

l<ii<- ■ ■ <ii<n 

and define 

p n F~ l : Ki -> </e n A • • • A e i; h- p^F" 1 ^ A • • • A a 
Then the preliminary trace formula takes the following form. 
Proposition 4.3 For k = 1, 2, • • • , we have 



Sk(f) = ^(-ly^Trdp-F- 1 )^;^). 



1=0 



By Corollary 3.9, Dj : g i— > (xj-^- + j/)<7, j = 1, • ■ ■ ,n, operate on B. Obviously, they commute 



3 

with each other. So, for / = !,-•• ,n, 



l 



d:Ki^ Ki-i, ge h A • • • A e k ■-> ^(-l) fc 1 D ih {g)e il A ■ ■ ■ A e ifc A - ■ • Ae ; „ ii < ■ • • < i, 

fc=l 

are well-defined, and satisfiy 9 2 = 0. Thus we get a complex 

It is easy to check that p n F~ 1 o d = d o p n F~ 1 . That is, p n F~ l operates on the complex (K,, d). 
Therefore we have the following homological trace formula. 

Proposition 4.4 For k = 1, 2, • • • , we have 

n 

SkU) = ^ t (-l) l+1 Tri(p n F- 1 ) ak ;H l (K m ,d))- 

1=0 

Equivalently, 

n 

L f (t) = IJdet(l - {p n F- 1 ) a t-H l {K.,d))^ 1 . 
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5 The total degree of the L-function 

We shall study the Newton polygon of det(l — (p n F~ 1 ) a t; B), and then prove Theorem 1.2. 
Proposition 5.1 The Newton polygon o/det(l — (p n F~ 1 ) a t; B) with respect to ord q lies above the 

+oo 

Hodge polygon of W&(k)t k of degree D. 

i=0 

Write Ef(x) = a u ir Ddeg ^x u , a u £ Z p [// 9 _i, 7r m , ir]. Then the matrix of p n F~ 1 with respect 

uGL(A) 

to the orthonormal basis {^ Ddes ^x u } u€ i^, written as a column vector, is 

= {a a ^\v D ^- 1)A ^ w)+ < w ' u)) ) w ,u, c(w,u) = deg(pw - u) + deg(u) - pdeg(w) > 0. 

So, the matrix of {p n F~ l ) a with respect to that orthonormal basis is AA U ■ ■ ■ A° a 1 . Obviously, the 
Newton polygon of det(l — At) with respect to ord p lies above the polygon with vertices at points 
(0, 0) and 

k k 

(XV A (z),X>A(i)^), k = 0,l,-.. . 

i=0 i=0 

It follows that the Newton polygon of det(l - {p n F~ l ) a t; B) = det(l - AA a ■ ■ ■ A^t) with respect 
to ordg lies above the polygon with vertices at points (0, 0) and 

k k 
E^t^E^Wn)' fc = 0,l,--- . 



D' 

i=0 i=0 



The proposition is proved. 



Dj 

Corollary 5.2 If j < n + 1, then det(l — (p n F ) a t; B) has at most ^ W&(k) zeros of q- order 

k=0 

<j-l. 
Proof. Define 

+oo +oo 

Y, h A(k)t k = (l-t) n Y,W A (k)t k . 

k=0 k=0 

+oo 

Since ^ h^{k)t k is a polynomial of degree < n with nonnegative coefficients by a lemma of 

k=0 

Kouchnirenko [Ko, Lemma 2.9], and 

lf( n_1 t" )(*+<) = ( n+Dj ~ i )(^-^ + i)>( n+Dj -' )D(j-l), 



n — 1 n n + 1 ?i 

fc=o 



we have 



fc=0 fc=0 i=0 
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i n jD i i ; 1 n ■ 7 ' D ~* i , i 

= ^E /j aWE( n-l ) fe =^E^WE( n -l ^ k + l ) 

i=0 fc=i i=0 fc=0 

>cj-i)5>a(o E( n ~it* )>(j-i)£w A (fc). 

i=0 fc=0 fc=0 

The corollary now follows from the above inequality by Proposition 5.1. 

We now prove Theorem 1.2. Since the reciprocal zeros and reciprocal poles of Lf(t) are of 
g-order < n, its total number, by the preliminary trace formula, is bounded by the number of 

(?) 

reciprocal zeros of Y\ det(l — (jp n F l ) a q l t;B) . By Corollary 5.2, that number is bounded by 

i=o 

n D(n-i+l) 

D?) E ^aW. 

i=0 fc=0 

Theorem 1.2 is proved. 

6 The acyclicity of the ]>adic complex 

In this section we shall prove the following proposition, which implies the first statement of Theorem 
1.3. 

Proposition 6.1 If f non- degenerate with respect to A QO (/) J then (K 9 ,d) is acyclic at positive 
dimensions, and Hq(K % ,8) is a Z p [// ? _i, 7r m , Tx\-module free of rank n\Vol(A 00 (f)). 

Write 

B := ¥ q [x L ^} := { a ux u : a u 6 FJ. 

u£L(A) 

It is a ring with the multiplication rule 

u u' _ J x u+u ' , if ii and u' are cofacial, 
\ 0, otherwise. 

Define 

B^B, a u Tr Ddcs ^x u ^ ^x u , 

uei(A) «eL(A) 

where a u is the residue class of a u modulo the maximal ideal of Z p [/i 9 _i, 7r m , 7r]. 
Lemma 6.2 The map B ^ B is a ring homomorphism. And the sequence 

^ B -> B -> B 

is exact. 
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For j = 1, • • ■ , n, we define 

d 

D r .B^B, g^ (.xj— + ~f)g, 

where 

m— 1 m— i— 1 

^/ = E E E 

i=0 j=0 dcg(p m - i - 1 w)=l 

By Corollary 3.8, we have the following lemma. 

Lemma 6.3 For j = 1, • • • , re, £/ie diagram 

B —> B 
Dj I A | 



is commutative. 

For / = 0, • • • , re, we define 



Ki= A • • • A 

l<ii<--<i;<n 



For I = 1, ■ • • , re, we define 

B:Ki^ Ki-x, ge h A ■ ■ ■ A i— » ^(-l)* - ^*^)^ A • • • A e ifc A • • • A e i; , »i < ■ ■ ■ < i { . 



It is easy to see that the sequence 



fc=i 



is a complex. 

Proposition 6.4 TTie map B — > i? induces a morphism of complexes from (K,,d) to (K,,B). 

Moreover, the sequence 

-» (K.,d) -» a) 9) -> 

is exact. 

Proof. The first statement follows from Lemma 6.3, and the second follows from Lemma 6.2. 

By Proposition 6.4, and a lemma of Monsky [Mo, Theorem 8.5], the proof of Proposition 6.1 is 
reduced to the proof of the following proposition. 

Proposition 6.5 If f is non- degenerate with respect to A QO (/) ; then (K m ,d) is acyclic at positive 
dimensions, and HQ((K 9 ,d)) is a ¥ q -vector space of dimension n\Vol(A OQ (f)). 

For j = 1, • • • , re, we define 

m— 1 

^ = E E <»n pm ~ i ~ 1 > m ~ i ~ lu 

i=0 deg(p m - i - 1 u)=l 
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For I = 1, • ■ ■ , n, we define 

a : J? z -> ^ A'-'Ae„M ^(-i)^ 1 "/ ^ A • • • A e lfc A • • • A e i; , ii < • • • < i,. 



Then 



fc=l 



is a complex. In the next section, we shall prove the following proposition. 

Proposition 6.6 If f is non- degenerate with respect to A := A^f), then the complex (K,,3°) 
is acyclic at positive dimensions, and the Poincare series of Hq((K,, 3°)) is Pa(*)- ^ n particular, 
Ho((K m , 3°)) is a F q -vector space of dimension n\ Vol(A). 

We now deduce the first statement of Proposition 6.5 from Proposition 6.6. In a given a 
homology class of positive dimension, we choose one representative £ of lowest degree. We claim 
that £ = 0. Otherwise, let £° be the leading term of £. We have 9°(£°) = since it is the leading 
term of <9(£) = 0. By the acyclicity of (K m , 3°), £° = 3° (77) for some rj. The form £ — 3(rj) is now 
of lower degree than £, contradicting to our choice of £. The proposition is proved. 

The second statement of Proposition 6.5 follows the following proposition. 

Proposition 6.7 Let V be a basis of Kq modulo 8r(K\) consisting of homogeneous elements. Then 
V is also a basis of Kq modulo 3(Ki). 

Proof. First, we show that Kq is generated by V and 3(Ki). Otherwise, among elements of Kq 
which are not linear combinations of elements of V and 3(Ki), we choose one of lowest degree. 
We may suppose that it is of form 3 (£)■ Let £° be the leading term of £. Then 3 (£) — is 
not a linear combination of elements of V and 3(K\), and is of lower degree than 3 (£)• This is a 
contradiction. Therefore Kq is generated by E and 3{K\). It remains to show that £ = whenever 
£ belongs to 3{K\) and is a linear combination of elements of V. Otherwise, we may choose one 
element £ of lowest degree such that £ = 3(0. Let £° be the leading term of £. Then 9°(£°) is a 
linear combination of elements of V since it is the leading term of 9(C)- So we have <9°(£°) = 0. By 
the acyclicity of (K m ,3°), £° = 3°(rj) for some rj. The form £ — 3{rj) is now of lower degree than £, 
contradicting to our choice of £. This completes the proof of the proposition. 



7 The complex obtained by reduction 

In this section, we shall prove Proposition 6.6. The second statement follows from the first, and 
the last follows from the second and a lemma of Kouchnirenko [Ko, Lemma 2.9]. So it remains to 
prove the acyclicity of the complex (K m ,3°). 

Let r be a face of A that does not contain the origin, and f is the convex hull in Q n generated 
by r and the origin. For ct\, ■ • • , a s in F g [x L ( T ^], we define K 9 (f, {ctj}j =1 ) to be the complex 

K l (f,{a j } s j=1 )= ¥ q [x L ^]e il A---Ae H ,l = 0,---,s 

l<il <■■■<«; <s 

with derivation 

I 

ge h A • • • A e h i-> ^{-if^a^ge^ A • • • A e ik A • • • A e k , 1 < h < ■ ■ ■ < i\ < s. 
k=l 
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By a proposition of Kouchnirenko [Ko, Proposition 2.6] and the argument of Adolphson-Sperber 
[AS2, p379], the sequence 

dim T=n— 1 dimr=0 

is exact, where r denotes a face of A that does not contain the origin, and 

n 

l \ W q , if the origin is in the interior of A and 1 < I < n, 
0, otherwise. 

By the exactness of that sequence, the acyclicity of the complex (K,, 3°) follows from the following 
lemma. 

Lemma 7.1 Let f be a Witt vector of length m with coefficients in F^fx^ 1 , • ■ ■ , x^ 1 ]- Suppose that 
f is non- degenerate with respect to A := A OQ (f) and dim A = n. Let r be a face of A. of dimension 
s — 1 that does not contain the origin. Then the complex K,(f,{jf }™ = i) is acyclic at dimensions 
> n — s. 

Since the sequence 

- K.(f,{a 3 yr = \) - K.(f,{ aj y j=1 ) - K.(f, [-1] - 

is exact, Lemma 7.1 follows from the following one. 

Lemma 7.2 Suppose that f is non- degenerate with respect to A OQ (/). If r is a face of A of 
dimension r — 1 i/iaf does not contain the origin, then there are 1 < i\ < ■ ■ ■ < i r < n such that the 
complex K,(f, {i j f Yj=\) i s acyclic at positive dimensions. 

Proof. There are . . . , i r } C {1, ■ • ■ ,n} and (atkj) £ Q (1 Z p (1 < < n, 1 < j < r) such that 
v>k = c^ifc^u + ■ • • + ct r kUi r for all u = (u\, . . . , u n ) E L(f). Let cr be any face of r. We have 

jf = OL\jiJ° H h a rjir f . 

So j 1 / CT , • • • , i,./* 7 have no common zeros in (F^ ) n . By a theorem of Kouchnirenko [Ko, Theorem 
6.2], j x / , • • i r / r generate in F g [x L ^] an ideal of finite codimension. Note that F g [x L ( r ^] is 
Cohen-Macaulay by a theorem of Hochster [Ho, Theorem 1]. The complex K m (f, {j^./ }j = i) is 
acyclic at positive dimensions by a theorem of Serre [Se, Theorem 3, Chapter IV]. The lemma is 
proved. 

8 The Newton polygon of the L-function 

In this section we shall prove the second statement of Theorem 1.3. (The last statement follows 
from the second by a lemma of Kouchnirenko [Ko, Lemma 2.9].) By the argument of Dwork [Dw2, 
§7], it suffices to prove the following proposition. 

Proposition 8.1 If f is non- degenerate with respect to A := A OQ (f), then the Newton polygon 
o/det(l — p n F~ 1 t; Ho(K,,d)) with respect to ord p lies above the Hodge polygon o/Pa(0 of degree 
-D(A), and their endpoints coincide. 
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Let V be a basis of Kq modulo Sr(K\) consisting of homogeneous elements. By Proposition 
6.7, it is also a basis of Kq modulo <3(.£li). Define 

n 

It is a basis of B modulo ^ D k B. For real numbers b > —^j and c, we write 

k=i p 

L(b,c) = { a u x" : a u G Q p [/i 9 _i, 7r m , 7r], ord p (a„) > 6deg(ii) +c}. 

mGL(A) 

It is compact with respect to the topology of coefficientwise convergence. Let V(b, c) be the subset 
of elements of L(b, c) which are finite linear combinations of elements of V. In the next section we 
shall prove the following proposition. 

Proposition 8.2 // < b < then 

n 

L(b, c) = V(b, c) + V D k L(b, c + b -). 

^-^ p — 1 

k=i F 

We now prove the first statement of Proposition 8.1. For each £ G V, we write 

n 

p n F-\n Dd ^O = Y, c v^ DdCgMr l ( mod E^ B )' c ^ € Zp^_i,7r mj 7r] 
r?ev fc=l 

By Lemma 4.1, jj n F- 1 (7r £,de 8tt)£) lies in the space L(^). So, by Proposition 8.2, c ri ^-K Ddc ^7] lies 
in every L(b) with ^ < b < ^L.. That is, ord p (c r?i5 ) > (6 - ^) deg(r/) for every ^ < b < ^L.. 
Thus we have ordj^c^g) > deg(r/). Therefore, the Newton polygon of the characteristic polynomial 
of (oq^), which is now the Newton polygon of det(l — p n F~ 1 t; Hq(K 9 , d)), lies above the Hodge 
polygon of -Pa(^) of degree D. In particular, ord p (det(c r? ^)) > Yl deg(£). 

It remains to show that the Newton polygon of det(l — p n F~ 1 t; Hq(K 9 ,8)) share the same 
endpoints with the Hodge polygon of P&(t) of degree D. Define 

p — 1 p — 1 ^-^ 

r ueL(A) ueL(A) 

Obviuosly, p n F~ 1 o (Ej 1 o cj) p o a) = 1 on L(-^j-). At the end of this we shall prove the following 
proposition. 

n 

Proposition 8.3 Modulo J2 F> k L{^), the space is generated by {Tr Dde &&£ : £ G V}. 

k=i p p 

So, for each £ G V, we can find G Z p [// g _i, 7r m , 7r] 

n 

^J 1 o p o (r(7r Ddcg «) p £) = 6^ e7 r jDdeg ^7 ? (mod ^DkLi— -)). 
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It follows that (cn^ibnt) = diag{7r Ddc s«)(P- 1 ), £ e V}. So ord^det^)) < £ deg^). Therefore 

ord p (det(c^)) = E deg(r?). 

That is, the Newton polygon of det(l — p n F~ 1 t; Ho(K,,d)) share the same endpoints with the 
Hodge polygon of -Pa(^) of degree D. 

We now prove Proposition 8.3. Let £ = Yl a uX u £ L(-§j). For N = 0, 1, write 

«gl(A) p 

n 

= J2 a uX u G 5. As {Tr Ddc &Wri : rj £ 7} is a basis of 5 modulo J2 D kB, there 

iteL(A),deg(u)<iV fc=l 

are elements £ B (k = 1, • • • , re) such that 

n 

e^-E^^E^^V 

fc=i r?ev 

As £(^try) is compact with respect to the topology of coefficientwise convergence, the sequence 

}k=iA a 'n N ^}v€v) , N = 0, 1, has an adherent point ({£fc}jL l5 {a v } v ev) in the space 
L{b) n x (Zp[yu g _i,7r m ,7r])l^l. Therefore we get 



e-E^ = E^ Ddcg( ^ m ~V 
fc=i 



This completes the proof of Proposition 8.3. 

9 The space L(b, c) 

In this section we shall prove Propositions 8.2. 
For k = 1, • • ■ , re, we write 



m— 1 



\ ^ m-i-l \ / ■p m ^ i ^ 1 \ D m-i-l, 

fe/ = 2^ P 7j,m-i-l 2^ Uk^iaiu W 

i=0 deg(p m - i - 1 «)=l 

For Z = 1, • • • , re, we define 

i 

<9° : iff — »• geij A • • ■ A ejj i— > E^ -1 ^ ^ A • • • A e ifc A • • • A e i; , ij < • • • < ij. 

fc=i 

It is easy to see that 

o - (^.,9°) - (jr., 3°) - (jr., a) - o 

is an exact sequence of complexex. So we have the following lemma. 

n . .q 

Lemma 9.1 Modulo kf B, the space B is generated by {^^(Of : £ 6 V}. 
k=i 
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Corollary 9.2 If b > then 

n o 1 
L(b, c) = V(b, c) + ]T 2°L(b, c + b- — ). 

fc=i p 

Proof. Let £ € L(b,c), £„ (u £ degL(A)) its homogeneous part of degree u, and fc„ the least integer 
such that ord p (ir kv ) >bv + c. Then -K Dv ~ kv ^ v 6 B. By the above lemma, we may write 

n 

r]£V,dcg(r])<v i=l 

where € Z p |ju g _i, 7r m , 7r], and 77^ £ 5 is of degree < v — 1. It follows that 

n 

r?ey D>deg(r;) «=1 i;GdegL(A) 

It is easy to see that the first term on the right-hand side converges to an element in V(b, c), and 
the inner sum in the second term converges to an element in L(b,c + b — jpj). The corollary is 
proved. 

For k = 1, • • ■ , n, we define 

o m—lm—i—l 
Dk , B - B, g - (x fc — + E E ^ E 

For Z = 1, • • • , n, we define 

/ 

d:Ki^ Ki_x, ge h A • • • A e k i-> ^(-l) fc - 1 J D fc ( 5 r)e ll A ■ ■ ■ A e ifc A ■ ■ ■ A e ip ii < • ■ ■ < »,. 

fc=l 



Corollary 9.3 7/6 > t/iera 

L(6, c) = F(6, c) + V D fc L(6, c + b -). 

Proof. Note that — maps L(b,c) to L(b,c — (b — ^ry)e) for some constant e < 1. Let 
£ € L(b,c). By the previous corollary and induction, we can find a sequence 

■ • • » ^) e 1/(6, c + i(l - e)(6 - -^-)) x L(6, c + (i(l - e) + 1)(6 - -±-)) n , i = 0, 1, ■ • ■ 

p — 1 p — 1 

such that 

n 

fe=i 
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and 



it 



2^U/ - D km k - r/ +Z^kjr] k . 

k=l k=l 

CO .., oo . .. 

One sees immediately that ^ t/q converges to an element 770 in V(6, c), and ^ 77^ converges to 

i=0 i=0 

n 

an element rjk in L(6, c + b — rrx)- Moreover, we have £ = 770 + S D^rju- The corollary is proved. 

fe=i 

We now prove Proposition 8.2. Note that -D^ — £ L(b,p(-^ — b) — 1) by Lemma 3.7. So it 
maps L(6, c) to the space L(6, c + p(r^j — b) — 1). Let £ € L(6, c). By the previous corollary and 
induction, we can find a sequence 

faoV" >^°) G^ 5 c + t(p-(p-l)6)) xL(6,c + *(p-(p-l)6) + (6-^-)) n , i = 0, 1, • ■ ■ 



such that 

fc=l 



and 

n n 
k=l k=l 

00 ... 00 . 

One sees immediately that ^ t?q converges to an element 770 in V(b,c), and Yl Vk converges to 

i=0 i=0 

n 

an element % in L(6, c + b — r^i). Moreover, we have £ = 7/0 + ^kVk- This completes the proof 

fe=i 

of Proposition 8.2. 



10 The weights of the L-function 

We shall prove Theorem 1.4. 

Let A be a convex polyhedron in Q n of dimension n that contains the origin, and Sa the sum 
of the volumes of all its (n — l)-dimensional faces that contain 0. Write 

+00 D(A)n 
(l_tO(A))«£V A (i)t* = ^ fe A (i) t i. 

i=0 i=0 



Lemma 10.1 We have 

1 nD(A) /■ 1M 

1 ■> / . •, n 1T ., /A , in— 1)! „ 

— — e ^aW = ^ma)- 1 2 5a - 

^ ' i=0 

n.D(A) 

in particular, D K\ ih&(i) = ^n! Vo/(A) 7/ i/ie origin is an interior point of A. 

i=0 
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Proof. Note that 



So 



i/D(A) 



WA(i)= £ /i A (i - D(A)k) ( H n _\ ) 

u—n \ / 



fc=0 
nD(A) 



nD ( A ) n+l 

On the other hand, by [AS, (4.12-13)], 

E (» - 5^)^(0 - «'Vol(A)^ + + <**-'). 

The lemma now follows. 

We now prove Theorem 1.4. Let c^, i = 1, ••■ ,n!Vol(A), be the eigenvalues of q n F~ 1 on 
Hq(K,, d). By Theorem 1.2 and Lemma 10.1, 

n!Vol(A) 

ord g ( [] oi) = |n!Vol(A). 

i=l 

It is known that the eigenvalues a, are /-adic units when I is a prime different from p. So, by the 
product formula, we have 

n!Vol(A) 

11 |«,|=^Vol(A)_ 

t=l 

By a theorem of Kedlaya [Ke, Theorem 5.6.2], the Frobenius F on Hq(K,, d) (8>Q p [// 9 -i, 7r m , n] is of 
mixed weight > n. So q n F~ 1 on Hq(K 9 ,8) is of mixed weight < 2n — n < n. That is, |aj| < q n l 2 . 
It follows that all the eigenvalues cti must have absolute value q n l 2 . This completes the proof of 
Theorem 1.4. 

11 Applications to other situations 

Let J be a subset of {1, • • • , n}. For {ji, ■ ■ ■ ,j s } C J, we write 

/>';., ,- J4 = { a « x " e -B : • • • , u js > 0}. 

uei(A) 

For / = 0, 1, • • • , n, we define 

Ki(f,J)= ,i(} e ii A • • • A e*, . 

l<ii<---<i;<n 

Then (K,(f, J),d) is a subcomplex of (K»(f,$),d). The latter is the complex (K,,d) we defined 
earlier. 
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Lemma 11.1 The sequence 

- K.(f, J) - K.(f, J \ {j}) -> K.(fW, J \ {j}) - 

is exact, where f*i> is the Witt vector whose i-th coordinate is the sum of monomials of the i-th 
coordinate of f not divided by xj . 

We define, for k = 1, 2, • • • , 

S k (f,J) = ^Q P [M,*_J/Q>(/)(*))) 

if {1, • • • ,n}\J = {ii,--- , i r }, and / € W m (F 9 [xi,--- , x n , (x^ ■ ■ ■ Xi r )~ 1 ]). Here the equation 
= x is solved in (Q p ) n . We write 

oo 

L / , J (t) = exp(^5 fc (/,J)-). 
fc=i 

By the above lemma we infer the following trace formula from the earlier one. 
Proposition 11.2 For k = 1, 2, ■ • • , we have 

n 

Sk(f, J) = Tr{{P n F- 1 ) ak ;H l {K.{f, J),d))- 

1=0 

Equivalently, 

n 

Lf,j(t) = IW 1 " (p n F- 1 ) a t;H l (K.(f,J),d)) { - 1)l . 

1=0 

We call / commode with respect to J if A oc (/) is commode with respect to J. Recall that 
a convex polyhedron A in Q n that contains the origin is commode with respect to J if it lies in 

n 

( Q) x ( 11 Q>o) and dim(Ac) = n — \C\ for all subset C of J, where Ac = • • • , u n ) € 

i=l,i£J i£J 

A : Uj = ii j e C}. By Lemma 11.1 and Proposition 11.2, we infer the following proposition from 
Theorem 1.3. 

Proposition 11.3 If f is commode with respect to J and non- degenerate with respect to A OQ (f), 
then Lf t j(t) is a polynomial, and its Newton polygon with respect to ord q lies above the Hodge 
polygon of 

ccj 

with the same endpoints. In particular, Lf j(t) is of degree 

Y^{-l)^(n-\C\)\Vol{A c ). 

ccj 

From Lemma 10.1 we infer the following one. 
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Lemma 11.4 Let A be a convex polyhedron in Q n of dimension n that contains the origin and is 
commode with respect to J. Let (Va j, Ua j) be the endpoint of the Hodge polygon of 

v g(A) 

^(-l) |C| PA c (t^^) 

CcJ 

other than (0,0). Then 

^ = ^A,,+ E(- 1 )' 1 V^( E ^A C -/ E MA C )). 

/=1 CcJ,|C|=Z-l CCJ,|C|=« 

In particular, Ua,j = §^A,J */ ^ e origin is an interior point of Aj. 

By Lemma 10.3 we infer the following proposition from Proposition 10.2. 

Proposition 11.5 If f is commode with respect to J and non- degenerate with respect to A := 
A 00 (/) J and the origin lies in the interior of Aj, then the reciprocal roots of Lf j(t) are of absolue 
value q n / 2 . 
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